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Eight-Vertex Model: Anisotropic Interfacial
Tension and Equilibrium Crystal Shape
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The anisotropic interfacial tension of the eight-vertex model is found by a new
method, which introduces two inhomogeneous systems. As the width of the
system becomes large, a doublet of the largest eigenvalues of the row-row
transfer matrix is asymptotically degenerate. The anisotropic interfacial tension
is calculated from their finite-size correction terms in this limit. By the use of the
anisotropic interfacial tension, the equilibrium crystal shape of the eight-vertex
model is derived via Wulff’s construction. The equilibrium crystal shape is
represented as a simple algebraic curve. We discuss the close relation between
the algebraic curve and the form of an elliptic function appearing in the expres-
sion of the interfacial tension.

KEY WORDS: Eight-vertex model; row-row transfer matrix; asymptotic
degeneracy; interfacial tension; equilibrium crystal shape.

1. INTRODUCTION

In the eight-vertex model an arrow is placed on every edge of a square
lattice so that even number of arrows point into and out of each site (or
vertex).'Y There are eight such configurations around a vertex (Fig. 1).
We represent the arrow configuration by associating an arrow-spin o; with
each edge i; «;= +1 if the corresponding arrow points up or to the right,
and o;= —1 otherwise. When arrow-spins around a vertex are v, o, (4,
and f counterclockwise starting from the west bond, a Boltzmann weight
Wi(v, «| B, n) is assigned on this vertex, where
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Wi+ +|++)=W(——|——-)=a=exp(—¢/ksT)
Wit == +)= W=+ + -)=bmep(—afal)
W+ =+ =)=W(—+|—+)=c=cxp(—&/ksT)
W(++|——=)=W(——I++)=d=exp(—es/kpT)
and
W, alp,u)=0,  vafp= -1 (1.1b)

This model was introduced as a generalization of the ice-type (or six-
vertex) model. The situation of the ice-type model is as follows. Imagine a
square ice where oxygen ions form a square lattice and a hydrogen ion (or
a proton) is located near either end of each bond connecting an adjacent
pair of oxygen ions. Because of the charge neutrality condition around each
site, four protons surrounding each site should satisfy the ice-rule: two of
them are close to it and the others are away from it on their respective
bonds. By drawing an arrow on every edge, we represent which end of the
bond is occupied by a proton. The ice-rule allows six local arrow con-
figurations, which correspond to the vertices 1-6 in the eight-vertex model
(Fig. 1). The ice-type model has some unusual features: the antiferroelectric
phase transition is infinite order, i.e., the free energy and all its derivatives
are finite at the critical temperature; in the ferroelectric ordered state, the
ordering is complete even at nonzero temperatures, etc.*) It is naturally
thought that these features come from the ice-rule. To understand the
effects of the ice-rule, Sutherland introduced the vertices 7 and 8.

The eight-vertex model can be regarded as an Ising model with two-
and four-spin interactions."* To see this, we associate an Ising spin o,
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Fig. 1. The eight possible arrow configurations around a vertex, and the corresponding
Boltzmann weights.
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with each site (i, j) of the dual lattice; the site (7, j) of the dual lattice
is connected with the site (i, /) of the original one by shifting in both
directions by a half-lattice spacing (Fig.2). An upward or right arrow
corresponds to the cases where the adjacent g-spins are parallel; otherwise,
the adjacent o-spins are antiparallel. The condition (1.1b) ensures that this
correspondence is consistent. To any arrow configuration, there correspond
two o-spin configurations, which are related to each other by the transfor-
mation defined by ¢, —o; for all 7, j, The Hamiltonian of the Ising
model is given by

E= =3 (J16,;,10,1,;+J20,0: 1,41
.

+J3050,,1041,;410;;41) (L.2)

where next-nearest-neighbor spins are coupled by J, and J,, depending on
the direction of the diagonal; J; couples four spins on a unit square. The
four Boltzmann weights in (1.1a) are related to J,, J,, and J, as follows:

P\ eaT | be P Y R P Iy '

When a, b, ¢, and d satisfy the relation

ab=cd (1.4)

Ost Qg Tpz X2 Tsz  Osz Tsqy  Qgs Tep

Mg ——— Mgg————— Maa Mg Mg

Oy Qy Opp Oyp O3 Qug gy Oy O

Hag Haz M33 Haa Has

O3 Oy T3z Ogg O33 Qgg Oz gy O3p

Het——— Meg—1—— a3 Hea Mes
Oz Qlpy Ogp oz Ozg Oy Oy Oy Ops

Mi——— Mg —— 3 Hia His

Oy Oy GO O Oy Qg O &y O

Fig. 2. The arrow-spins o and f are associated with the edges of the square lattice; the Ising
spins ¢ are associated with the sites of the dual lattice.
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this Ising model factors into two independent nearest-neighbor Ising
models.

Recently, equilibrium crystal shapes (ECSs) have attracted much
attention. The first exact analysis of ECSs was done for the square-lattice
nearest-neighbor Ising model by Rottman and Wortis® and Avron et al.®
The traditional method to find the ECS is the so-called Wulff construction,
where we need information about the interfacial tension with its full
anisotropy.'”) For the square-lattice nearest-neighbor Ising model, it has
been proved that the anisotropic interfacial tension is simply related to the
anisotropic correlation length.® Furthermore, the anisotropic interfacial
tension has been calculated by the Pfaffian method.®® By the use of these
results, the ECS has been derived via Wulff’s construction. Zia and Avron
showed that the ECS of this model can be represented as a simple algebraic
curve.!” For example, when the interactions are isotropic, the ECS is
given by

cosh(AX/kg T)+ cosh(AY/kyT)=C, (1.5a)

Cy=cosh(2J/ky T)/tanh(2 |J|/kg T) (1.5b)

where (X, Y) is the position vector of a point on the ECS; A is a scale
factor; and J is the interaction constant. Zia similarly found that the ECSs
of the triangular and honeycomb lattice nearest-neighbor Ising models are
also written as an algebraic curve like (1.5).'" For any Ising model on
the planar lattice without bond crossings, Holzer"® and Akutsu and
Akutsu'® pointed out that the interface can be represented as a free
random walk defined on the dual lattice. The free random walk is derived
by the use of the Feynman-Vdovichenko method™® and characterized by
the algebraic curve of the ECS.

van Beijeren"® and Jayaprakash etal’® regarded the six-vertex
model as a solid-on-solid model on a body-centered-cubic lattice (BCSOS
model), and discussed the roughening transition of a three-dimensional
crystal. They utilized the fact that the six-vertex model can be solved in
external field."'”) Akutsu and Akutsu reexamined the facet shape of the
BCSOS model (or equivalently the ECS of the six-vertex model).""*) They
found that the facet shape can be written in the same form (1.5a), with C;
replaced by

Cpe =k (x)+ k= 1*(x) (1.6a)
where k(x) is defined as
o 1+x4n 4
= — 1.6b
k=4 11 | s | (1.6b)

and x is given by (3.5). Since the BCSOS model cannot be solved by the
Feynman—Vdovichenko method, the free-random-walk representation is
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not directly applicable to the step of this model. Discussing long-distance
behavior, Akutsu and Akutsu suggested that the step of the BCSOS model
has the same free-random-walk character as the interface of the square-
lattice nearest-neighbor Ising model.

In connection with these free-random-walk problems, it is desirable to
analyze the ECS of the eight-vertex model, which contains the square-
lattice nearest-neighbor Ising model and the six-vertex (or BCSOS) model
as special limits. For the eight-vertex model, Baxter obtained the interfacial
tension along a special direction by the usual transfer matrix method.*:!®
The usual transfer matrix method, however, is not applicable to the
calculation of the anisotropy. In previous work, to find the anisotropic
correlation length and the anisotropic interfacial tension of the hard-
hexagon model, we developed a new method which introduces the shift
operator into the usual transfer matrix method.""*?% In the present paper
we calculate the anisotropic interfacial tension of the eight-vertex model by
this shift operator method. Then, the ECS of the cight-vertex model is
derived via Wulff's construction.

This paper is organized as follows. In Section 2 we explain the shift
operator method of calculating the anisotropic interfacial tension of the
eight-vertex model. Two inhomogeneous systems are defined; each
inhomogeneous system consists of two regions; one of the two regions
works as the (column—column) shift operator. These inhomogeneous
systems are analyzed by Baxter's commuting transfer matrices argu-
ment."?) We introduce a one-parameter family of commuting transfer
matrices. Then an equation for the eigenvalues of the transfer matrix is
derived. In Section 3, we outline the calculation of solving the equation and
give the explicit forms of the eigenvalues; details of the calculation is shown
in Appendix B. It is found that a doublet of the largest eigenvalues is
asymptotically degenerate when the width of the system becomes large. The
anisotropic interfacial tension is obtained from the finite-size correction
terms of the doublet of the largest eigenvalues in this limit. In Section 4,
using the calculated interfacial tension, we find the ECS via Wulff’s con-
struction. We discuss the relation between the ECS and the elliptic solution
of the interfacial tension given in Section 3. Section 5 is devoted to a
summary and discussion. Appendix A lists definitions of elliptic functions
and relations among them.

2. ANISOTROPIC INTERFACIAL TENSION 1

In this section we explain a method to calculate the anisotropic inter-
facial tension of the eight-vertex model. We introduce two inhomogeneous
systems.®® Then we show how these inhomogeneous systems are

822/67/1-2-9
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investigated by Baxter’s commuting transfer matrices argument.-*!) In the
following analysis, it is convenient to parametrize the Boltzmann weights
(1.1a) by four variables p, k, A, and u:

a=—ip@(id) HLi(i —u)/2] O[i(A+u)/2]
b= —ip@(il) O[i(A—u)/2] HLi(A+u)/2]
c= —ipH(il) O[i(A—u)/2] OLi(} +u)/2]
d=ipH(ii) H[i(A—u)/2] HLi(A+u)/2]

where p is a normalization factor of the partition function and 4, u appear
as arguments of the elliptic functions. The elliptic modulus & is suppressed
here. We denote the quarter-periods by 7 and I'. For definitions of the
elliptic functions, see Appendix A.

Consider the eight-vertex model on a square lattice with (1+#n) M
columns and N rows [(1 +#) M, N even]. It is assumed that p and u can
vary from column to column.®” The values of p and u on the jth column
are denoted by p; and u;, respectively. We define the anisotropic interfacial
tension, using two inhomogeneous systems:

Uy =Uy= - = Upy = Uy, Upr 1= Upr 42
= =Ug g an= FA

P1=pP2= " =Ppu=0Po Prus1=Pm+2= " =PU+mMm

= i/6(0) O(i4) H(iA)

The system with the upper (lower) sign is called (A) [(B)]. Because of
various symmetry properties, we restrict ourselves to the parameter regime

O0<k<l, O<i<l, —A<uy <4, po>0 (2.2)

without loss of generality.~** The region where u;=u, for 1 <j<M is in
an antiferroelectric ordered state dominated by the vertices 5 and 6.

We impose on (A) and (B) periodic boundary conditions along the
horizontal direction and antiperiodic boundary conditions along the
vertical direction. Then, the antiperiodic boundary conditions force an
interface into the region u;=u,. In the region u,= —4 (ori) for
M+1<j<(14+n)M, the arrow configuration around the site (j, k) is
identical with that of the site (j+1,k+1) [or (j+ 1, k—1)]. Therefore,
the region u;= —A (or 1) slopes the interface by shifting the endpoint on
the Mth column from the endpoint on the first column downward (or
upward) by M7y lattice spacings (Fig. 3). We represent the average slope of
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Fig. 3. Typical configuration of the inhomogeneous system (A) in the zero-temperature limit.
The region u; = u, is represented by solid lines, and the region u;= — 4 by broken lines. In the
region u;=u, two antiferroelectric ordered phases dominated by the vertices 5 and 6 coexist.
Across the region u;=u,, there is an interface. The interface consists of the vertices 1 and 3,
which are shown by open circles. Because of the region u;= —2, the interface is sloped.

the interface by 6, which is the angle between the horizontal axis and the
normal vector of the line connecting the two endpoints of the interface
drawn from the lower phase toward the upper one. The parameter # is
related to 0, by

(A) n=1/tanf_, 0<8, <n/2 (2.3a)

(B) n=-—1/tanf , n2<8, <m (2.3b)

Let Z42(8,) (0 <8, <m) be the partition function of (A) and (B) with the

boundary conditions. If periodic boundary conditions are imposed along

both directions, we denote corresponding partition function by Z(0).. The
anisotropic interfacial tension (8 ) is defined as

0(0,)= —kgTsin0, lim M 'In[Z%0.)/Z9,], 0<8, <=
M,N—>
(2.4)

where the limit is taken with @, (or 5) fixed to be constant.
When Baxter solved the eight-vertex model, he found a one-parameter
family of commuting transfer matrices.">!) Then he used an equation for
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Fig. 4. A row of the generalized system (A) [or (B)].

the transfer matrix to determine the explicit forms of their eigenvalues. He
suggested that the commuting transfer matrices argument is applicable to
the inhomogeneous systems where u and p can vary from column to
column. The partition functions of (A) and (B) in (2.4) are calculated by
Baxter’s commuting transfer matrices argument as follows. First, to intro-
duce a one-parameter family of commuting transfer matrices, the systems
(A) and (B) are generalized: we set the u; to be

”1=u2= . :uM:v
Upp1=Upy2= " =Ug o=Vt F 4

Hereafter, unless otherwise mentioned, we regard v as a complex variable
and k, 4, uy, and p, as constants. The upper (lower) sign corresponds
to the generalized system (A) [(B)]. (Throughout this section, we use
this convention.) Let a = {o;, 0y, %4 yary a0d B={B1, Poses By rmym}
be the arrow-spins on two successive rows of vertical edges; let
t={ {15 Ry les 1+ yar s DE the arrow-spins on the row intervening between
a and f (Fig.4). The row-row transfer matrix is a 20! TMM py 20 +mM
matrix with the elements

[V(U):]oc,ﬁ:z H Wi, O‘j|ﬁja ﬂj+1| v)
uoj=1
(1+mM

X l—[ Wik, 0k | Bies g1l v—ugF 4) (2.5)

k=M+1

where W’s are given by (1.1) with (2.1); periodic boundary conditions
along the horizontal direction are assumed: g, ,ya.;=4;. For all
complex numbers v and v’, V(v) and V(v') commute with each other, being
simultaneously diagonalized. The eigenvalues of V(v) are denoted by V(v).

Second, an equation for F(v) is derived. We define a set of
2+ MM _dimensional vectors y(v). Each vector y(v) is of the form

Y(0)=g.(0)®g(v)® - ®gy(v)
@ Bur(V—uFA)Q --- ®g(1+n)M(U—“o$)~) (2.6)
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where
g;i(+ |v)> ( Olis;+i(v+4){;/2] )
{p) = = ) 2.7
5() (g,»(* ) “\y s riwrneey) D
Each {; has a value +1 or —1 and the (, satisfy the condition
L+L+ -+ laimu=0 (2.8)

The variables s, are given by

_ (s j=1
S’_{s‘+z(cl+cz+-~+cj_1), =2 0+mm Y

with an arbitrary constant 5. It can be shown that

V() y(v)=6(v) y(v+24") + ¢,(v) y(v —22") (2.10)
where A"’ =4 —2il and

$1(0)= {p hLG = 0) 21} {pyr o B — v+ u £ 2)21}* (2112)
$2(v) = {p AL +0)21}" {ppr AL(A+ 0~ F 4)21}™" (2.11D)
h(v) = —i@(0) O(iv) H(iv) (2.11c)
There exist many 29 *"M.dimensional vectors y(v), corresponding to
different choices of § and the {;. Using a complete set of vectors y(v),

we can construct a nonsingular matrix Q(v) which satisfies the matrix
equation

V(v) Q(v) = ¢,(v) Qv +22) + ¢,(v) Qv — 24') (2.12)

Since Q(v) commutes with Q(v’') and V(v”) for all values of v, v', and v”,
we get the equation for V(v)

V(v) q(v) = 4,(v) g(v +24) + ¢2(v) g(v — 227) (2.13)

where g(v) is the eigenvalue of Q(v) corresponding to V(v).

Two matrices S and R are introduced; S is the diagonal matrix which
has entries +1 (or —1) for arrow configurations of an even (or odd)
number of down arrows; R is the matrix which has the effect of reversing
all arrows; we shall use R to impose the antiperiodic boundary conditions
along the vertical direction. The matrices S, R, Q(v), and V(v') commute
with each other for all values of v and v'. The eigenvalue of S (or R)
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corresponding to V(v) and ¢(v) is denoted by s (or r); r takes a value of
+1 or —1. Detailed investigation shows that g(v) must be of the form

4(v) = exp(tv) ﬁ h(U;U’) (2.14)
Jj=1

where m = (1 + 1) M/2. The zeros v, and a constant t are determined by the
condition that the rhs of (2.13) vanishes,

{h[(/‘»—v,)/zj}" {h[(i—vﬁuoii)ﬂ]}”’
WG +o)21f WG+ o, —uo T 4)2]
7 h[ (v, — v, —24)/2]

= (=4 1 G = 722

(2.15)

for j=1, 2,..., m, and the sum rules

M
vyt opt o +Um_?7l(uoi'/1)

1
= (s—142m) I'+i(rs— 1+ 2m) [+ 2p'T + 4pil  (216a)

t=n(s—1+2m+4p')/8I (2.16b)

where p, p’ are integers. The sum rules (2.16) come from the periodicity
relations

q(v+ 4i) = sq(v) (2.17a)
qv+20")=rsq ™ exp{[M(1 +n)v— Mnl] n/4l} q(v) (2.17b)

The eigenvalues V{v) can be calculated by solving (2.15) with (2.16),
and then by using (2.14) in (2.13) with the solutions v; and . There are
many eigenvalues, corresponding to the different solutions of (2.15). After
the eigenvalues V(v) are determined, we can get the information needed
to obtain the anisotropic interfacial tension by letting v=1wu,. The two
partition functions in (2.4) are represented as

Z5h=Tr[VY(uo) R" 1=} V' (uo) r} (2.18)

where V;(u,) and r; are the jth eigenvalues of V(u,) and R, respectively.
Note that R is inserted to impose two different of boundary conditions
along the vertical direction: periodic boundary conditions for n=0 (mod 2)
and antiperiodic boundary conditions for n=1 (mod 2).
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3. ANISOTROPIC INTERFACIAL TENSION 2

Following the program given in Section 2, we find the anisotropic
interfacial tension of the eight-vertex model. The calculation in this section
is an extension of Baxter."""'® Since the calculational method is almost the
same for any value of u,, it is sufficient to consider the case u,=0. In the
case uy =0, the generalized system (A) contains both original systems (A)
and (B): the original system (A) corresponds to the v — 0 limit; if we
redefine the p; as

pr=py= - =p,=1i6(0) O@) H(i2)
Prus1=Pm+2= " =Pu+mm=Po

the generalized system (A) reduces to the original system (B) as v — 4. For
the system (B) given by the v — 2 limit, (2.3b) should be replaced by

(B) n=—tan@, n2<0,<m (2.3b")

We investigate the commuting transfer matrices argument for the
generalized system (A) only. Equations (2.13)-(2.16) are used with u;=0
and the upper sign. For convenience, we define P(v) by

P(v)=¢:(v) g(v+227)/,(v) g(v — 24") (3.1)

and rewrite (2.13) as
V(v) q(v) = ¢,(v) g(v —24)[1 + P(v)] (3.2a)
=¢,(v)g(v+24)[ 1+ 1/P(v)] (3.2b)

Analysis is restricted to the parameter regime
O0<k<l, 0<i<r, 0<Re(v) <4, po>0 (3.3)

In the regime (3.3) two antiferroelectric ordered states dominated by the
vertices 5 and 6 are degenerate. It is expected that a doublet of the largest
eigenvalues of V(v) is asymptotically degenerate as M — oo (with ¢ fixed to
be constant). These eigenvalues are found in a zero-temperature analysis.
Then we return to nonzero temperatures and determine their asymptotic
forms as M — co. Using the asymptotic forms, we estimate the two parti-
tion functions Z{), in (2.4) for large M, N. The anisotropic interfacial
tension is given by the finite-size correction terms of the doublet of the
largest eigenvalues in the M — co limit.

In the parametrization (2.1) the zero-temperature limit corresponds
to the k>0 and I', 4, v — oo limit, with the ratios A/I’, v/I' being order
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of unity. It is supposed that 0 <Re(v;)<A for all j. Then, the zero-
temperature analysis of (2.15) and (2.16) shows that

s

=0, s=(—1)", z;=rxMn? (3.4)

1

J

where
z;=exp(—nv,/2]), x =exp(—mni/2l) (3.5)

Because of the sum rules (2.16), = and []7., z, take discrete values. The
eigenvalue s takes a value of +1 or —1. We expect that 1, 5, and 7., z
keep their zero-temperature values (3.4) throughout the regime (3.3)
without discontinuous changes. According as r= +1 or —1, the v, and

P(v) behave in the zero-temperature limit as

21 +1
vj~—n;i[2j—m—(L2—)}+ﬁ’;/1 (3.6)

P,(v) ~r(—1)" zmx—Mn2

with
2434 A 2 A
—min {o, 2 —1—1—: f} <Re (;) <min {7, 2 —&-Z-;} (3.7a)
2454 v y)
~qmx T, 2————<Re|—=|<= .
q7x +’11'< e(l,>< - (3.7b)
2434
~pg—m 2m, 0 R E il AR .
q "x < e<1,><1+n1, 2 (3.7¢)
where
z = exp(—mnv/21) (3.8)

The regions of applicability of the three conditions (3.7a)-(3.7c) are shown
in Fig. 5. Using (3.6) and (3.7) in (3.2), we find two eigenvalues

(A+mM
M My mj2 72m~

V,(v)y~rpYpy 4" x r 11 e r=+1 (3.9)

j=1

The Boltzmann weights a;, b;, c;, and d; are given by (2.1), with p=p, and
u=u;. Note that in the zero-temperature limit ¢;> a;, b;, d; for all j. We

identify the two eigenvalues V,(v) as the doublet of the largest eigenvalues.



Eight-Vertex Model 135

MU M
/

1 , “een

2+27
2+3n /

[ R
s

¥ ' - Re (v/T)
10 1 2

Fig. 5. The regions of the applicability of the three conditions (3.7a)—(3.7¢c).

Here, we return to nonzero temperatures and calculate the asymptotic
behavior of P,(v) and V,(v) as M — oo. The zero-temperature results (3.7)
and (3.9) satisfy the following conditions:

(i} For large M a contour C defined by |P,(v)| =1 is found in the
region 0 <Re(v) < 4; the v; lie on the contour C.

(ii) There exists a real, positive number ¢ such that P.(v) is
exponentially larger than 1 as M — oo if v is between the contour C and the
line Re(v) = —J; P,(v) is exponentially smaller than 1 if v is between the
contour C and the line Re(v) =4+ 0.

(iii) ¥,(v) is analytic and nonzero (ANZ) for 0 < Re(v) < 4.
We assume that (i)-(iii) hold true for sufficiently low temperatures:

0 <k <e. Then, after some calculations, it is found that for 0 <k <¢ and
large M

P.(v)~rpM(v) p(v—4), vetheregiona (3.10a)
~1, vethe region b (3.10b)
~pM(v) pM(v—-2I') pM(v—A)

x pMi(v— A =2I), vetheregionc (3.10c¢)
where
pv)=(—2)"2 flxz =1, x*)/f (xz, x*) (3.11)

and f(z, x*) is given by (A.6a) in Appendix A. In the complex v plane,
the three regions a, b, and ¢ are defined as follows: for a given point v,
choose a point v~ on C such that Im(v) =Im(v,); v is in the region a if
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|v—ve| <min{24, 2I' — 24}, in the region b if 2A<v—v<2I'~24, in the
region ¢ if 2I' —2A<v—v-<24 (Fig. 6). Because of the periodicity
relations P,(v+2I')= P,(v+4il) = P,(v), Egs. (3.10) determine P (v) for
all v. For 0 <k <e, we also find that as M — o,
V.(v)~ rx(v), 0<Re(v)<4 (3.12)
where
K(U)=<&>M ﬁ A[lv+@n+3)A] A[v+2I'+(4n—1) 2]
o A[v+(An+5) 2] A[v+2I'+ (4n+1) 1]
© Al(dn+3)A—v]A[(dn—1)A—v+2I']
nE[O A[(dn+5)A—v] A[(4n+ 1) Ai—v+2I']
Ao+ (4n+2) 1]
X<m>“" 1°_°[ A'v+2I' + (4n—2) i]
x oo A'Mv+(4n+4) 4]
A"[v+2I' +4ni]
© A'[(4n+4)A—v] A"[4nd—v+2I']
l;l M4n+6)A—v] A"[(4n+2) A—v+2I"]

(3.13)

b v/T
0 2 -vo/T

(b)

Fig. 6. The three regions a, 4, and ¢ in (3.10). (a) For a given point v, choose a point v on
the contour C so that Im(v)=Im(vc). (b) Then, using v — v, we define three regions a, b,
and c.
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with
7=¢"00) T] (1—-¢*) (3.14)
A(v)= ﬁ [1-g"exp(—mv/21) 1" (3.13)

n=0

In the k-0 limit, (3.10) reproduces the zero-temperature result (3.7);
(3.12) reproduces (3.9). Furthermore, the solutions (3.10) and (3.12) satisfy
the three conditions (1)—(iii) for 0 <k < 1. These facts show that (3.10) and
(3.12) give the correct leading behavior of V,(v) and P,(v) as M — o0,
respectively, throughout the regime (3.3). [Detailed derivations of (3.10)
and (3.12) are shown in Appendix B.]

In (3.12) the leading terms of V,(v) as M — co are equal in magnitude
and opposite in sign. From the calculation of the finite-size correction
terms, it is found that they are asymptotically degenerate as M — oo.!®)
For 0 <A< I'/2, the finite-size correction terms are easily obtained. If M is
finite, we get the integral equation

m[""r(”)J
K(v)
1 prrar , ,
= §17L_2,-1 do' In[1+ P,(v")] D(v— ")
1 +2”d’] { 1 ) 0<R ) 6
_.8_1_IL2H v n[ +Frm:|D(v—v), <Re(v)< 4 (3.16)
where
0 x2nZ~1 x2n+22
D(v)=1 —1 3.17
(U) +2n§0( ) {1_x2n21+1_x2n+22} ( )

(Appendix B). Subtracting (3.16) with r = —1 from that with r= +1 gives

V. ()
1“[ v_(0) ]
| a2 L+ P, (v)
= — d'ln | —= =+
i), 2y n[1+P_(v’)
1 p2i 1+ 1/P, (v))
_— dv' In | ——2 )
8iIJ,2,-1 v n[1+1/P_(v’)

}D(v-—v’)

] D(v—v'), O<Re()<i (3.18)
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For large M, using (3.10a), we estimate the logarithms in the integrands of
(3.18) as

In [M] ~P ()=P_()~2pM@") p" (v'— 1) (3.192)

1+P_(v)

W[ UPL )] 1 1

“[1+1/P7<v'>] P.(v) P_(t)
2

~ .19b
W) P W) (3:190)

and integrate (3.18) by the method of steepest descent. Noting the relation
p{v+24y=1/p{v), we get

—V_ ()V_(v)~1+a(v) pM(v,) p (0,— 1)+ -+ (3.20)
where v, is the saddle point of | p(v) p" (v — 4)|, determined by
flz,, x*) [z, X*) f(= x2,, X*) f(= Xz, X7

= ) Fl— 1) [z 1) flrz ) O
z,=exp(—nv,/21) (3.21b)

with the condition
vy=A4+2il, n=0 (3.21¢)

The explicit form of a(v), which is determined by D(v) and the derivative
of p(v), is not important here. Since |p(v,) p" (v,—A4)| <1, (3.20) shows
that the doublet of the largest eigenvalues V,(v) is asymptotically
degenerate as M — .

Fig. 7. The two line segments / and [
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When I'/2 < A< I, there arises a case where the saddle point v, deter-
mined by (3.21) is in the region c¢. For v’ ethe region ¢, the asymptotic
form (3.10c) cannot be used to estimate the logarithms in the integrands of
(3.18). Assuming that v, e the region ¢, we define two line segments / and
[ as follows: a point v* on the contour C is chosen so that Im(v,) = Im(v*);
[ connects the points v* + 2I' — 24 and v,; [ connects v, — 21 and
v¥ — 2I' + 24 (Fig. 7). We calculate P _(v) — P_(v) around [/ and
1/P . (v)—1/P_(v) around . We use two integral equations:

P (v)

|50
[P @2 20)] (1P w)
= nl:1+P_(v—21'+22)}+ n[1+P,(v)J

| potair 14+P. (1)
— v’ In | ——F—
Rl L, n[1+P_(v’)]
« [D(v—v' —2I') + D(v' ~ )]

1 pos—24+2i 1+1/P+(U,):|
__ dv'In | —————
D n|:1+1/P(U/)

8il Jyp,— 24— 2u

X [D(v— —2I')+ D(v' —v)] (3.22a)

for v around /; and

1 P (v)

“[P_(v)]
i [LHUPLE)] | TLHUP, 042 =20
= n[1+1/1>(U)J”“[1+1/PA(1;+21'—2;L)}

1 post2i 1+P_ (v)
o dv' In| ———~"~1
+8i1LS_zi1 v n|i1+P—(U():|
x[Dw—v")+ D —v—2I")]

1 pos—24+2i1 1+ 1/P_ (v)
- a'ln| ——————
v [1 +1/P(v')}

8il )y 21— ou

x [D(v—v')+ D(v' —v—2I')] (3.22b)

for v around / (Appendix B). Suppose that (3.19a) and (3.19b) hold around
!/ and [, respectively. Then the logarithms in the integrands of (3.22) are
estimated by (3.19); (3.22a) and (3.22b) are integrated by steepest descent.
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From the monotonicity of p(v) p"(v— A} along [ (or [), it follows that the
dominant contribution as M — oo comes from the first {or second) term on
the rhs of (3.22a) [or (3.22b)]. Keeping only the dominant terms, we get

P (0)/P_(v)~1+2pM(v—2I +24)
x pMi(v—2I'+ 1) for v around / (3.23a)
~ 1= 2pM(0 4 2I") pM(v+ 21 — )
forvaround/  (3.23b)

For v around [ (or /), (3.23a) [or (3.23b)] with (3.10c) derives (3.19a) [or
(3.19b)7] again. From this fact, though we cannot prove it rigorously, we
expect that (3.19a) [or (3.19b)] gives the correct asymptotic form of
P (v)—P_(v) [or 1/P (v)—1/P_(v)] arouns [ (or [). Therefore, the
argument from (3.18) to (3.21) functions even if the saddle point v, is in the
region c.

Now, setting v=0 (or 1), and choosing the values of the p; suitably,
we consider the original system (A) [or (B)]. When M and N become
large with 5 fixed to be constant, we can use the asymptotic forms of V,
to estimate the partition functions in (2.4). Substituting (3.12) and (3.20)

with v=0 into (2.18) gives
Z5~ VN 0)+ (=) VN (0)

{21(”(0) for n=0 (mod 2)

No(0) pM(v,) pM™"(v,— A)c™(0) for n=1 (mod 2) (3:24)

(Note that N is even.) Using (3.24) with (2.3a) in (2.4), we obtain
olkgT=—cos 6, In p(v,—4)
—sin 8, In p(v,), 0<8,<mn/2 (3.25)
From the investigation of v=41 and the relation o(—8,)=0(8)), it is

found that the expression (3.25) is analytically continued into —n <8, <=z
with v, regarded as a function of 8 .

4. EQUILIBRIUM CRYSTAL SHAPE

The ECS of the eight-vertex model is derived from the anisotropic
interfacial tension o(6 ) calculated in Section 3. We represent R = (X, Y),
the position vector of a point on the ECS, as a function of 8, the slope
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of the interface at that point. As 6, varies from —x to n, R(8 ) sweeps out
the ECS. According to Wulff’s construction, the ECS is given by

AX=cos 8,0 —sin 0 do/dbd (4.1a)
AY=sin 8,06 +cos 8, do/dd | (4.1b)

where A is a scale factor adjusted to yield the volume of the crystal.”’
Substituting (3.25) into (4.1), we find that

AXfkyT= —In plv,—4),  AY/kyT= —In p(v,) (4.2)

where the saddle point v, is a function of 6, , determined by (3.21) with
(2.3a). As the temperature is lowered, the ECS deforms into a square from
a sphere near the critical temperature (Fig. 8).

It is helpful to calculate the radii of curvature for 8, =n/4 and
n/2, where AR =g(cos f,,sin @ ). In the zero-temperature limit, a facet
appears at the point 8, = n/4; a corner appears at 0 | =x/2. It follows that

p/R=1+c""d%/d0>, 0, =n/4 12 (4.3)

where p is the radius of curvature and R=|R|.%» For 0, =

@
Z

Fig. 8. The equilibrium crystal shape of the eight-vertex model. We rotate the coordinate
axes through 7/4, and choose ky TIn[2k"2(x)+ 2k ~*(x)] as the scale factor 4. From the
outermost figure, x=1.0x107% 1.0x107% 0.001, 0.004, 0.01, 0.02, 0.04, 0.07, and 0.12,
successively.
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/4400, (66, ~0), using (2.3a) and (3.21), we expand z, into a power
series of 60 | as

z,= —x(1+A4V60 | + AD0% + -..) (4.4a)
AW = f2(x, x*) 2 (—x, x))/x207(x*) f(—1, x*)
x f(x% x*) f(—x%, x*) (4.4b)
where
Q(q) =I] (1—¢" (4.5)

Substituting (4.4) into (3.25) gives

_14f(_x3/2ax4)

|5 F S
1 . 4f(—x3/2, x4)
R R =]

L2 X (= xx)
X2 fA(=1, ) (=2, 5

S, x4 f(3, 4) ,
60
7 “)f( =7 )} -

From (4.3) and (4.6), the radius of curvature at 0 ==/4 is calculated as

O- —_—
kg T

(4.6)

14 —x— 12 fz(x X )fz( X, X ) f(x1/2 4)f(x3/2> x4)
R SA=LxY) (=22 x%) f(= x5 f(= X2, xP)
,14f(_-x ’x ) -t
x{ln |:x / A ) xﬂ]} (4.7)

In the zero-temperature limit, where x — 0, it follows that
p/R~ —1/x'?In x, 0, =mn/4 (4.8)

The critical point corresponds to the / — oo limit, with A being of the order
of unity. By the use of the conjugate modulus identity (A.6b), we find that
near the critical point

p/R~1+(16/3) exp(—2nl/A), 0, =n/4 (4.9)
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Similarly, for §, =n/2+ 60, expanding z, as

z,=—x(14+4960 , + 42502 + ...) (4.102)
AW =12, x*) f(— 1, x*) f(=x2% x*)/Q (x*)
x fA=x, x*) £, x%) (4.10b)
we get
A [xl/z f(=x2, x“)]
kyT f(=1,x%
1 *12f(_x25 x4) f4(xa X4) 2
+§{—ln[x / f(-l,x“)]+f“(—x,x“)}56i'” (4.11)
The radius of curvature at #, = /2 is given by
p_ f4(xax4) _lzf(—x29x4)
el R el (*+12)

It follows that in the zero-temperature limit
p/R~ —2/In x, 9, =n/2 (4.13)
and that near the critical temperature
p/R~1—(16/3) exp(—2nl/4), 6, =n/2 (4.14)

As mentioned in Section 1, the eight-vertex model contains the six-
vertex model and the square-lattice nearest-neighbor Ising model as special
limits. In the parametrization (2.1), the eight-vertex model reduces to the
six-vertex model as g — 0; the eight-vertex model factors into two inde-
pendent nearest-neighbor Ising models when ¢ = x*. The expressions of the
anisotropic interfacial tension (3.25) and the ECS (4.2) are independent of
g, however. It is found that the ECS (4.2) can be rewritten into the
compact form

cosh[A(X + Y)/kg T] + cosh[A(X — V) kg T ]
= k'2(x)+ k() (4.15)

where k(x) is defined by (1.6b). If the coordinate axes are rotated through
7/4 and the scale factor A is redefined suitably, (4.15) is identical to the

822/67/1-2-10
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ECS of the six-vertex model (1.5a) with C; replaced by Cye. For g =x*, it
follows from (1.3) and (A.5¢) that

sinh(2 || ks T)=sinh(2 |J,l/ks T) =k~ 2(x) (4.16)

Using (4.16), we can reproduce the ECS (1.5) from (4.15).

From the beginning of Section 3 until this point we have been
investigating the special case u,=0. The calculation in Section 3 is easily
extended to the general case — A <uy<A. For —A<u,< 4, the anisotropic
interfacial tension is given by

o/kgyT=—cos 8 In p(v,—uy— 1)
— sin 0, In p(v,), —n<f,<=n (4.17)

where v, is the saddle point of | p(v) p"(v — ug— A)|, determined by

N CUE S (N 3V Gt N [ e 0 5 NP
Az 3 (=206 [z, ) [z, x)

z, = exp(—nv,/21), a=exp(—7uy/21) (4.18b)

with the condition

v, = A+ 2il, n=0 (4.18¢)

and 5 is related to 6, by (2.3a). The expressions of the ECS (4.2) and
(4.15) are generalized as

AX/kyT= —In p(v, —ug— 4), AY/kg T= —~In p(v,) (4.19)
and

cosh[A(X + Y)/ky T+ As cosh[A(X ~ Y)/kyT]= —A4,/2  (4.20)

respectively. The explicit forms of 45 and A4, are given in the following
argument.

We pointed out a relation between the form of the elliptic function
p(v) and the algebraic curve of the ECS (4.20). We rewrite (4.20) as

B2+ 1+ Ay(a? + B3+ Aof=0 (4.21a)
where

a=exp(—AX/kgT), f=cxp(—AY/kgT) (4.21b)
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Equation (4.21a) is a symmetric biquadratic relation between « and f. It is
known that this relation is naturally parametrized in terms of Jacobian
elliptic functions as
a=K@(+n),  p=ksL
o P (4.22)
Ay = —1/k §1%n, A, =2¢indnn/ksn?y

(See Chapter 15 of ref. 1.) Here, we define the elliptic modulus £ by (A.3a)

in Appendix A, and the Jacobian elliptic functions §1 », ¢i u, and dnu by
(A.lA) andﬂ(A.4), with the elliptic norm §; the quarter-periods are denoted
by 7 and I'. If we relate the variables in (4.22) to those in (4.19) by

=], =2
{=i(A—v,)/2, n=1i(uy+4)/2

My

(4.23)

then (4.22) is identical with (4.19). We stress that the form of p(v) has the
source of the symmetric biquadratic relation (4.21a). In this sense, the form
of p(v) reflects the algebraic curve of the ECS (4.20).

5. SUMMARY AND DISCUSSION

The anisotropic interfacial tension of the eight-vertex model has been
found by the shift operator method. We considered two inhomogeneous
systems defined on a square lattice of (1+#) M columns and N rows
[(1+#n) M, N even]. We imposed on the systems periodic boundary condi-
tions along the horizontal direction and antiperiodic boundary conditions
along the vertical direction. In each system the lhs of the M th column was
in an antiferroelectric ordered state. An interface ran across this region
because of the antiperiodic boundary conditions. The interface was sloped
by the rhs of the Mth column, which had the effect of shifting the endpoint
of the interface on the Mth column from that on the first column along the
vertical direction. The inhomogeneous systems were analyzed by Baxter’s
commuting transfer matrices argument. It was shown that a doublet of the
largest eigenvalues of the row-row transfer matrix is asymptotically
degenerate as M — oo with # fixed to be constant. The interfacial tension
of the sloped interface was calculated from the finite-size correction terms
of the doublet of the largest eigenvalues in the M — oo limit.

Using the calculated anisotropic interfacial tension, we derived the
ECS of the eight-vertex model via Wulff’s construction. The eight-vertex
model contains the six-vertex model and the square-lattice nearest-
neighbor TIsing model as the g — 0 and x* limits, respectively. The ECSs of
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these two models have been obtained. It has been shown that they are
essentially the same. This fact was extended to the g independence of the
ECS of the eight-vertex model. The ECS of the eight-vertex model is a
simple algebraic curve in the X—Y plane. We regarded the algebraic curve
as a symmetric biquadratic relation between a=exp(—AX/kzT) and
B=exp(~AY/kyT). It was shown that an elliptic function appearing in the
expression of the interfacial tension has the form to parametrize this
symmetric biquadratic relation naturally. In other words, the form of the
elliptic function reflects the algebraic curve of the ECS.

Here, we reexamine the ECS of the hard-hexagon model, which was
been derived in ref. 19. The anisotropic interfacial tension of the hard-
hexagon model is represented as

g

2 T
Pyl 75[008 6. In |y(a,x)| + cos <0L —§> In |l//(as)|]:

—n<, <z (5.1)

where a, is determined as a function of 8, by (3.10) of ref. 19; the elliptic
function ¥(a) is defined by (3.6b) of ref. 19. By the use of Wulff’s construc-
tion, the ECS is obtained as

AX 2 1

k—B?z — ﬁh’l |lﬁ(asx)| “‘—'\/_gln hp(as)|7

AY

(= I (5.2)

We can rewrite (5.2) in the compact form
«’B+ Ajaf+(a+p)=0 (5.3a)

where

a=exp[—/3AX+/3 V)2, T],  B=exp(/3 AX/kyT)  (5.3b)

The hard-hexagon model is regarded as a special case of the hard-square
model."") We can easily extend the analysis in Section 3 of ref 19 into
regime I of the hard-square model. For regime II of the hard-square
model, (5.3a) is generalized as

Ba3[33+Alocz[)’2+ocﬁ(oc+ﬁ)+;44ocﬂ+A6=O (5.3a")
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We do not know how (5.3a") is parametrized in terms of elliptic
functions. In Chapter 15 of ref. 1, however, it is shown that the symmetric
biquadratic relations between « and §

A B2+ Ayaf(o+ )+ As(02 + B2) + A, 0f
+ Ag(a+p)+A4,=0 (5.4)

are naturally parametrized in terms of elliptic theta functions, the form
being
a=g(u+n),  p=pu) (5.5a)

where
$u)y=CH(u+y) Hu—y)/H(u+06) Hu—9) (5.5b)

and H(u) is the elliptic theta function defined by (A.la) in Appendix A.
Equation (5.3a) is a special case of {(5.4). We relate the norm ¢ and the

argument u of the theta functions to x and a,, the variables in (5.1) and
(5.2), by

g’=x>  exp(—inuy/l)=a, (5.6)

Set ¢ =x'7, y=n= —2il'/3, and § =0 in (5.5b). Then, the elliptic solution
(5.2) is reproduced from (5.5a). Thus, the form of y(a) appearing in (5.1)
is directly related to the algebraic curve of the ECS (5.3a) [or (5.3a")].
Besides the hard-hexagon model and the eight-vertex model, there are
some models whose interfacial tension has been calculated along a special
direction. For the Sogo-Akutsu-Abe model®* and the regimes III and IV
of the hard-square model,®* the interfacial tension is written in terms of
the same elliptic function that appears in the expression of the interfacial
tension of the eight-vertex model. We expect that the ECSs of these two
models are represented as an algebraic curve identical to the ECS of the
eight-vertex model. This will be clarified in a further investigation.

APPENDIX A

We define the elliptic theta functions with the norm ¢ and the
argument u by

H(u)=2q"* siny; I1 (1 —2¢™ cosn—lu-%q“”) (1—¢>) (A.la)

n=1

H, (u)=2q" cos% I1 (1 +2g*" cos-nl—u+q4”> (1—g*) (A.1b)
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H

u ’:18 u s

< —2¢* ! cos n—IE-kq“”z) (1—g%) (A.1c)

O (u)=

<1+2q2n 1eo SEIE+q4n2) (l_an) (Ald)

The quarter-periods are given by

p [>s) 1+q2n 11 2
I=5H< 2n 11+q2n (A.2a)

I'=—n"'lng (A.2b)

The modulus £ and the conjugate modulus &’ are

=] 1+ 2n 4
k=4q1/2 n (ﬁ;%) (A3a)
n=1
, s} 1_q2n—1 4
v- 1 (i75=) (A30)

By the use of the theta functions, Jacobian elliptic functions are represented
as

snu=k "?H(u)/Ou) (Ada)
cn u= (k') H,(u)/O(x) (A.4b)
dn u=k'"”@ (u)/O(u) (Adc)

With g replaced by §=¢"% H(u), O(u), and k are given by (A.la),
(A.1c), and (A.3a), respectively:

e}

H(u)=25" sin%‘ I (1—2q2" cos“—;‘+q4")(1*q2") (A.5a)
1

n=

6w =] (1—2(}2"'1003 n—;{-!—q“"‘z) (1—4>) (A.5b)
n=1
) 1+ =2n
k= d4g'? ﬂ ( _‘fn 1) (A.5¢)

We define the sn function by

Sau=k "?Hu)/0(u) (A.5d)
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Then, sn(u) and SA(x) satisfy the relation

ksnu=2k"?snu/(1 +ksn®u) (A.5¢)

Equation (A.5¢) is essentially Landen’s transformation.
We define f(p, q) as

flp.a)=(1—p) ] (1=pg")(1—~p~'qg")(1—4g") (A.6a)
n=0

The function f(p, q) satisfies the conjugate modulus identity

. 2m\ 172 e n? 2u(n—v)
P, —iv 2iv —8&Y __ — -
ie "f(e*, e )—<—8> exp(8 2£+ ; )

4 4r?
xf(exp — —:2, exp ~%> (A.6D)

APPENDIX B

From the conditions (i)-(iii) given in Section 3 we derive Egs. (3.10),
(3.12), (3.16), and (3.22).*%'® We start by defining four functions X, (v)
and Y (v) by

1 pA+B+24 In[1+ P.(v")]
1 = -
nXx,(v) 4il J; g2 exp[n(v—0v")/21]—1 ’
Rofv) > 44 8 (B.1a)
—1 pA+E+2ar In[1+ P, (v')]
1 =77 w
M= s s espln oy 1
Re(v) <A+ p (B:10)
1 p-#+2 In[1+1/P.(v")]
e d ,
InY,(v) 41-1J7ﬂ,_2,-, expln(v—v")/21]~1 "
Re(o)> —f (B.1c)
_IJ-ﬁ+2il In[1+1/P,(v')]

In Y_(D)ZZZT

d ’
s explalv—v)20] 1"

Re(v) < —f (B.1d)

where 0 < ff < ' < 4. From Cauchy’s residue theorem, it follows that
X,(w)X_(v)=1+P,(v), A+ pB<Re(wy<i+p (B.2a)
Y. (v)Y_(v)=1+1/P,(v), —p' <Re(v)< -8 (B.2b)
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Using (B.2a), we define X, (v) for Re(v)<Ai+f and X _(v) for
Re(v) = A+ f". The condition (ii) shows that X (v) is ANZ if v is on the
rhs of the contour C, and that X _(v) is ANZ if Re(v) <A+ 4. Similarly,
(B.2b) is used to define Y, (v) for Re(v) < —f’ and Y _(v) for Re(v) = —§.
It is found that Y (v) is ANZ if Re(v) > —4, and Y_(v) if v is on the lhs
of C. Substituting (B.2) into (3.2), we find that

Vi(v)=¢2(v) qv —24") X . (v) X _(v)/q(v) (B.3a)
V() =6:(v) g(v+24) Y, (v) Y _(v)/q(v) (B.3b)

The functions ¢,(v), ¢,(v), and ¢g(v) are rewritten as

m_m. —m 8 mmn h
e

El-l—n
x A(A—v) A"(2A —v) AQRI — A +0v) A"2I' =24+ v) (B.4a)
m_ —m. —m mn #
o) =ptiptin e mexp (- )
x A(A+v) A"(v) AQQI' — A —v) A"2I' — 1) (B.4b)
gvy=y"exp[n(mv—v,—v,— --+ —v,,)/4] F(v) G(v—2I") (B.4c)

=(—y)"expln(v,+v,+ - +v,,—mw)/AI] Flv+2I') G(v) (B.4d)

where y and A(v) are given by (3.14) and (3.15), respectively; F(v) and G(v)
are defined as

F(u)=ﬁ Il {1—g" exp[ —n(v—v,)/21]} (B.5a)
Gw)=1] [I {1—q"expln(v—v,)2I1} (B.5b)
Jj=1n=0

Substitute (B.4) into (B.3); use (B.4¢) for ¢g(v) in (B.3a) and g(v+24') in
(B.3b); use (B.4d) for g(v—21") in (B.3a) and ¢(v) in (B.3b). Then, it
follows that

V.(w)=rpYpyut v¥"x*"L_(v) L_(v) (B.6a)
=rpYplin y"x "M (v) M _(v) (B.6b)

where

L,(v)=A(A+v) A"(v) Fo+2I' —2)) X, (v)/F(v) (B.7a)
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L _(v)=AQI' —i—v) A"2I' —v) G(v—22) X_(v)/G(v—2I')  (B.7b)
M, (0)=AQI — A +v) A"2I' =24 +v)

x F(v+24) Y, (0)/F(v+2I") (B.7c)
M_(v)=A(A—v) A"(2—v) G(v+24—21') Y _(v)/G(v) (B.7d)

Noting (iii), we find that L_ (v) is ANZ for Re{(v)>0, L_(v) for
Re(v)<d’, M (v) for Re(v)>A1—0, and M_(v) for Re(v)<4, with
' =min{2l' — 2,24, A+ d}. From (B.6), we get

M, ()L (v)=L_(v)/M_(v) (B.8)

Both sides of (B.8) are entire, since the lhs is ANZ for Re(v) >0 and the
rhs is ANZ for Re(v) < 4. Moreover, they are bounded in the Re(v) —» + o0
limit. From Liouville’s theorem, it follows that they are constant. The fact
that the rhs of (B.8) > 1 as Re(v) —» oo shows that this constant is 1.
Finally, we obtain

M, (v)=L,(v) (B.9a)
M_(v)=L _(v) (B.9b)
Two functions S, (v) are introduced as

S (v) = F(v+24) F(v)/A(v + 1) A"(v) (B.10a)
S_(v)=G(v) Gv —24)/A(} —v) A"(2).—v) (B.10b)

Equation (B.9a) gives the recursion relations for S, ()
S, (v)=8,(v+2I'=24) X, (v)/Y ,(v) (B.11a)

Similarly, from (B.9b), it follows that

S (v)=8 (v—2I'+22) Y_(v)/X_(v) (B.11b)

Equations (B.11) are solved as

S (v)= f‘o[ X [v+2a(I' =)Y, [v+2n(I'=2)]  (B.12a)
S_(v)= ﬁ Y_[v—2n(I'—)1/X_[v—2n(I'—4)]  (B.12b)

3
1l
<o
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Regarding (B.10a) and (B.10b) as a recursion relations for F(v) and G(v),
respectively, we find that

w A[v+ (dn+ 1) 2] Ao +4ni) S, (v +4ni)

F(v)=nr=IoA[u+ (4n+3) AT A"[v+(4n+2) A1 S, [o+ (4n+2) 1]

(B.13a)

oy 1 __ALEn+ 1) i—v] A"[(4n+2) 0] S_(v—4ni)
(=11 A[(4n+3)A—v] A"[(4n+4) A—v] S_[v—(4n+2) A]

n=0
(B.13b)

Substitute (B.4) into (3.1); (B.4¢) is used for g(v+24"); (B.4d) is used
for g(v—24'). Then, using (B.13), we obtain the expression
P,(v)=rpM(v) pM"(v—4)
S, [v+@n+2)A1S (v+2I'+4ni)
S, o+ @n+4)A1S [v+2I'+ (4n—2) 4]
_fv—2I"-(4n—-2)A] S_[v—(4n+4) 2]
S (v=2I'—4ni) S_[v—(4n+2) 1]

X

(B.14a)

I
TS

where p(v) is defined by (3.11). By the use of the periodicity relation
(2.17b), Eq. (3.1) is rewritten as

P,(v)=rsq~ ™ x72m = Muzmg (v) g(v + 24)/d,(v) glv — 24" —2I')  (3.1")
= rsq™?x 72" MG(v) (v + 24 = 21')/y(v) q(v = 22) (3.17)
Replacing (3.1) by (3.1") or (3.1”) in the derivation of (B.14a), we get
P(w)=S,(0)S_(v—2I'+24)/S,.(v—24)S_(v-2I") (B.14b)
=pM(v) p""(v—4) pM(v—2I") p*"(v— 1 - 2I)

© S [v—20+(4n+2) A1 S, (v+2F +4nk)
Xn S.[0—20 + (4n+4) 4] S, [0+2 +(4n—2) 1]
© S [p—4l —(4n—2)A]1S_ [v— (4n+4) 1]

><,,=0 7S—(U—4I'—4n,l)s_[vi_ @n+2)i] (B.14c)

Substituting (B.12) into (B.14c) gives the integral equations (3.22). From
(B.12a), it follows that S, (v) is exponentially close to 1 as M — oo if v is
on the rhs of C. Equation (B.12b) shows that S_(v) is exponentially close
to 1 when M is large and v is on the lhs of C. For v e the region ¢ and M
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large, S_(v) and S_(v) on the rhs of (B.14a) can be replaced by 1. So, we
get (3.10a) as M — co. Similarly, for vethe regions b and ¢, (3.10b) and
(3.10c) are found from (B.14b) and (B.14c), respectively. [The three
regions a, b, and c¢ are defined in the argument following (3.11).]

Replace L_(v) by M_(v) in (B.6a); substitute (B.7a) and (B.7d) into
{B.6a); and use {B.13). Then, it follows that

- © S [v+20 +(dn—2) A1, [v+ (@dn+2) 1]
Vi(v)=re(v) {X+(”) ,EO S (w42l +4nh) S, (v+4nd)
© S [p—20'—(4n—2) 4] S_[v—(4n+2) 2]
xY_(v) EO S_(v—2T' —4ni) S _(v—4nk)

} (B.15)

where x(v) is defined by (3.13). Using (B.12) in (B.15), we get the integral
equation (3.16). On the rhs of (B.15) the contribution from the curly
bracket is exponentially close to 1 for 0 < Re(v) < 2 and large M. Thus, we
obtain (3.12).
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